Abstract. In this paper, a conformal energy-conserved scheme is proposed for solving the Maxwell's equations with the perfectly matched layer. The equations are split as a Hamiltonian system and a dissipative system, respectively. The Hamiltonian system is solved by an energy-conserved method and the dissipative system is integrated exactly. With the aid of the Strang splitting, a fully-discretized scheme is obtained. The resulting scheme can preserve the five discrete conformal energy conservation laws and the discrete conformal symplectic conservation law. Based on the energy method, an optimal error estimate of the scheme is established in discrete L 2 -norm. Some numerical experiments are addressed to verify our theoretical analysis.
Introduction
Since the initial work of Yee [38] , numerical methods have been widely used in solving electromagnetic problems. However, one of the inconveniences of the numerical methods lies in the fact that the Maxwell's equations have to be solved in a bounded domain. Thus, in order to absorb the outgoing waves, one needs to apply some special conditions on the boundaries of the computational domain. In Refs. [2, 3] , Bérenger firstly proposed the perfectly matched layer (PML) technique, which was based on the use of an absorbing layer especially designed to absorb the electromagnetic waves without reflection from the vacuum-layer interfaces. The basic idea of the PML technique of Bérenger was based on modifying the Maxwell's equations in the absorbing layer. The resulting equations serve the five conformal energy conservation laws and the conformal symplectic conservation law of the Maxwell's equations with the PML.
2. An optimal error estimate of the proposed scheme is established, which shows that the scheme is of second order accuracy in time and spectral accuracy in space in discrete L 2 -norm.
The outline of this paper is organized as follows. In Section 2, a conformal Hamiltonian system of the Maxwell's equations with the PML is introduced and a conformal energy-conserved scheme is proposed. In Section 3, we first show that the proposed scheme can preserve the five discrete conformal conservation laws and the discrete symplectic conservation law. Then, based on the energy method, an optimal error estimate of the scheme is established. Some numerical experiments are presented in Section 4. We draw some conclusions in Section 5.
A conformal Fourier pseudo-spectral scheme
This section has two goals. Firstly, the conformal Hamiltonian system of the Maxwell's equations with the PML is introduced. Secondly, the derivation of the novel conformal energy-conserved scheme is expounded.
Conformal Hamiltonian system
The Maxwell's equations in the isotropic, lossless and sourceless medium can be described, as follows:
with initial conditions E(x,y,z,0) = E 0 (x,y,z), H(x,y,z,0) = H 0 (x,y,z), (x,y,z) ∈ Ω ⊂ R 3 ,
where E=(E x ,E y ,E z ) T is the electric field intensity, H =(H x , H y , H z ) T is the magnetic field intensity, constant scalars µ and ǫ are the magnetic permeability and the electric permittivity, respectively. In this paper, we consider
z R ] and impose periodic boundary conditions on the boundary ∂Ω×[0,T].
In general, the perfect electric conducting boundary condition is imposed on ∂Ω× [0,T] of (2.1). However, with the aid of the Bérenger's PML technique [2, 3] , the periodic boundary condition is valid in practical computations. For more details, please refer to Ref. [25] .
According to Bérenger [3] , in the PML medium, each component of the electromagnetic field is split into two parts. Then, the six components of (2. 
where the parameters (σ x ,σ y ,σ z ,σ * x ,σ * y ,σ * z ) are homogeneous to electric and magnetic conductivities.
If both σ x = σ y = σ z and σ * x = σ * y = σ * z = 0, we can note that (2.2) yield the classical Maxwell's equations (2.1). Thus, the absorbing medium defined by (2.2) holds as particular cases of all usual media (vacuum, conductive media). If both
Eqs. (2.3) can be rewritten as a conformal Hamiltonian system [4, 27] 
and
is the helicity Hamiltonian function [1] . The merit of the conformal Hamiltonian system (2.4) is that it possesses the following conformal Hamiltonian energy conservation law 5) and the conformal symplectic conservation law
where ∧ is the wedge product.
Remark 2.1. It should be remarked that (2.4) is not valid for the 2D transverse-electric (TE) waves in the PML medium, which will be investigated in Section 4.
In addition, (2.3) also admits the following conformal energy conservation laws. 
Fourier pseudo-spectral approximation of the spatial derivatives
In this subsection, the Maxwell's equations with the PML are approximated by the Fourier pseudo-spectral method in space.
Let
, where L w = w R −w L and N w is an even integers. Let Ω τ = {t n |t n = nτ;0 n M} be a uniform partition of [0,T] with the time step τ = T M and Ω hτ =Ω h ×Ω τ . We define
as the interpolation space, where g N x (x), g N y (y) and g N z (z) are trigonometric polynomials of degree N x /2, N y /2 and N z /2, given respectively by
and µ w = (2.11) where U j,k,m = U(x j ,y k ,z m ,t) and its vector form is denoted by
Taking the first derivative with respect to x, y and z, respectively, and evaluating the resulting expression at collocation points (x j ,y k ,z m ), we can obtain
where ⊗ is Kronecker product, I N w is the identity matrix of dimension N w × N w and
with r w = µ w
It is easy to show that the matrices D w 1 , D 1 , D 2 , and D 3 have the following properties:
we have 13) where F N w is the matrix of DFT coefficients with entries given by (
• Commutative law of multiplication
, and
(2.14)
• Skew symmetry
We apply the Fourier pseudo-spectral method to (2.4) in space and obtain the semidiscrete system
is symmetric structure matrix corresponding to the discretization of the operator ∇×.
T and the components of the vectors H w and E w are the values of grid functions, which are different from those in (2.1). Without being confused, the notations H and E are still be adopted in the subsequent sections.
Conformal Fourier pseudo-spectral scheme
The system (2.16) is first split as
Then, we solve (2.19) by a second order energy-conserved method in time
Eqs. (2.20) are integrated exactly
Finally, by virtue of the Strang splitting, which was firstly proposed in Ref. [31] , and further developed and analyzed in Refs. [17, 26, 28] , we can obtain 25) which is referred to as our conformal Fourier pseudo-spectral (CFP) scheme.
Remark 2.5. The conformal Hamiltonian system (2.4) is incorrect for the 2D transverseelectric (TE) waves in the PML medium, but the proposed scheme (2.24)-(2.25) are valid.
Numerical analysis
In this section, we first show that the scheme (2.24)-(2.25) can preserve the discrete conformal symplectic conservation law and the five discrete conformal energy conservation laws. Then, an optimal error estimate of the scheme (2.24)-(2.25) is established in discrete L 2 -norm.
Conservation of the scheme
n M} be two mesh functions defined on Ω hτ . We define the discrete inner products and norms by
T , the corresponding inner product and discrete norms are
Further, we define the following semi-norms
for grid function and
Theorem 3.1. The solutions H n and E n of (2.24)-(2.25) can preserve the discrete conformal symplectic structure
Proof. We rewrite (2.24)-(2.25) as
(3.
2)
The variational equations associated with (3.2) read
Taking the discrete wedge product of (3.3) with
and noting the fact
we finish the proof. 
Taking the inner product of (3.6) with D
, we can obtain (3.5).
Theorem 3.3. The solutions H n and E n of (2.24)-(2.25) satisfy the discrete conformal energy conservation law
Proof. Making the inner product of (3.6) with µ
, we can finish the proof.
From Theorem 3.3, we can obtain the following stability theorem. 
Proof. By simple calculations, we can deduce from (2.24)-(2.25) that
Computing the inner product of (3.9) with
, we finish the proof.
Let block diagonal matrices
It follows from (2.14) that M w D = DM w . Thus, we can see from (2.24)-(2.25) that
By the similar argument to Theorems 3.3 and 3.4, we can deduce the following conformal energy-conserved laws from (3.10). 
Error estimate
In this subsection, we will establish an optimal error estimate for the CFP scheme. For simplicity, we only consider the cuboid domain Ω=[0,2π] 3 , more general cuboid domain can be translated into Ω. For any positive integer r, the semi-norm and the norm of H r (Ω) are denoted by |·| r and · r respectively. · 0 is denoted by · for sake of brevity. Let C ∞ p be the set of infinitely differentiable functions with period 2π defined on Ω for all variables, and H r p (Ω) is the closure of (3.25) where the inequation √ a 2 +b 2 a+b, ∀a,b 0 is used. Note that if U * ∈ S ′′′ N , we have
where
Recall that E * , H * ∈ S ′′′ N , we can get 27) where the components of the above vectors are the values of grid functions. We define the error functions
Subtracting (2.24)-(2.25) from (3.26)-(3.27) respectively, and we can obtain the error equations as follows
Computing the inner product of (3.29) and (3.30) with e¯σ
Recursively, applying the above inequality from time level n to 0, we obtain
With the use of H 0 = H(0), E 0 = E(0), we can prove
which further imply that
where Lemmas 3.1 and 3.2 are used. By noting nτ < T and we can deduce from (3.25), (3.32) and (3.33) that
Making use of (3.34) and the inequation, a+b √ 2a 2 +2b 2 , ∀a,b 0, we can obtain
With Lemmas 3.1, 3.2 and (3.35), the following error estimate can be established
The proof is completed.
Remark 3.1. It is remarked that whenσ=0, the optimal error estimate in discrete L 2 -norm is established for the energy-conserved method of the Maxwell's equation (2.1).
Numerical experiments
In this section, we will investigate the numerical behavior of the proposed scheme (2.24)-(2.25) presented in Section 2. The rate of convergence and the five discrete conformal energy conservation laws are investigated in detail. All diagrams presented below refer to the numerical integration of (2.3) with µ = ǫ = 1. In addition, the fast solver presented in Ref. [22] is employed to solve the linear equations of (2.24)-(2.25) efficiently. In order to evaluate the numerical errors, for a fixed n, the following formulas are used
The convergence rate, for a fixed n, is defined as
where τ l ,error l 1 ,(l 1 = 1,2) are step sizes and errors with the step size τ l 1 , respectively. Further, for a fixed n, errors on the total conformal energies are calculated by using formulas 
2D Maxwell's equations with the PML
Firstly, we will focus on the rate of convergence and the conformal energy conservation laws of the 2D Maxwell's equations with the PML. Furthermore, some comparisons between the conformal Fourier pseudo-spectral scheme (CFPS) and the Birkhoffian multisymplectic scheme (BMSS) [32] are displayed. The 2D Maxwell's equations with the PML for transverse-electric (TE) waves are Table 1 shows the temporal errors and the convergence rates of the different schemes withσ = 0.1 and N x = N y = 1024 at T = 1. The spatial errors and the convergence rates are investigated in Table 2 . As illustrated in Table 1 , all of the methods are second order of convergence rate in time, which confirms the theoretical analysis. From Table 2 , it is easy to see that the spatial error of the CFPS is very small and almost negligible, and the error is dominated by the time discretization error. It confirms that, for sufficiently smooth problems, the Fourier pseudo-spectral method is of arbitrary order of accuracy. However, the BMS scheme admits relatively large error. The CPU times of different schemes at different spatial steps with τ = 10 −6 ,σ = 0.1 and T = 1 are showed in Table 3 . It is clear to see that the CFPS is more efficient than the BMSS. In Fig. 1 , we investigate the errors on the conformal energy conservation laws of the CFP and BMS [2] and the traditional multi-symplectic scheme can only approximately preserve the conformal energy conservation laws [32] , which implies that the CFP scheme provides distinct advantages in preserving the conformal conservation laws than the exponential FDTD Yee's scheme and the multi-symplectic scheme.
3D Maxwell's equations with the PML
Then, the proposed scheme (2.24)-(2.25) is employed to solve the 3D Maxwell's equations with the PML. The 3D Maxwell's equations with the PML admit the analytic solutions, as follows:
12)
13)
14) where k x = 1,k y = 2,k z = −3, µ = ǫ = 1, and w = (k 2 x +k 2 y +k 2 z )/(ǫµ). Table 4 shows the temporal error and convergence rate of the CFP scheme withσ=0.1 and N x =N y =N z =64 at T=1. It is clear that the CFP scheme is second order of convergence rate in time. The spatial error of the CFP scheme with τ = 10 −5 at T =1 are displayed in Table 5 . We find that, similarly to the Section 4.1, the spatial error is very small and dominated by the time discretization error. It verifies again the fact that, for the sufficiently smooth problem, the CFP scheme is of arbitrary order of accuracy in space. The errors on the five discrete conformal energies over the time interval t ∈ [0,20] withσ = 0.1, N x = N y = N z = 32 and τ = 0.01 are presented in Fig. 2 . It is obvious that the conformal energy conservation laws can be preserved exactly by our scheme.
Concluding remarks
In this paper, we have developed a novel conformal Fourier pseudo-spectral (CFP) method for the Maxwell's equations with the PML. We show that the CFP scheme is unconditionally stable and preserves the discrete conformal symplectic conservation law as well as the five discrete conformal energy conservative laws. Furthermore, with the aid of the energy method, we establish the optimal error estimate of the CFP scheme at the order of O(τ 2 + N −r ) in discrete L 2 -norm, where τ is the time step and N is the collocation points used in the spectral method. Numerical results verify the theoretical analysis. In addition, compared with the Birkhoffian multi-symplectic scheme, our scheme is more efficient and provides smaller error in space. Due to the fact that the system of the Maxwell's equations with the PML is not a Hamiltonian system with a constant structure matrix, the sixth order energy-conserved method presented in Ref. [22] cannot be generalized directly to the Maxwell's equations with the PML. Therefore, developing a conformal energy-conserved scheme with a sixth order accuracy for the Maxwell's equations with the PML will be the subject of our future research. 
